The invertibility of LCM matrices and their Hadamard powers have been studied a lot over the years by many authors. Bourque and Ligh conjectured in 1992 that the LCM matrix
Introduction
The study of GCD and LCM matrices was initiated by famous number theorist H. J. S. Smith [15] in 1876. Smith calculated the determinant of the basic GCD matrix with the greatest common divisor of i and j as its ij-entry. In addition, Smith derived determinant formulas for more general GCD and LCM matrices with (x i , x j ) or [x i , x j ] as its ij-entry and showed that the GCD matrix (S) and the LCM matrix [S] are nonsingular on factor closed sets S. He also studied GCD and LCM matrices associated with arithmetical function f , where the ij entries are f ((x i , x j )) and f ([x i , x j ]), respectively. Determinants of GCD-related matrices were studied in dozens of papers during the 20th century (see e.g. the references in [5] ), but Bourque and Ligh [3] were the first ones to bring special attention to the invertibility properties of LCM matrices as they conjectured that the LCM matrix of a GCD closed set is always invertible. Shen [14] went even further and conjectured that if the set S is GCD closed and r ≠ 0, then the power LCM matrix [[x i , x j ] r ] is nonsingular.
Haukkanen et al. [5] soon showed that the Bourque-Ligh conjecture (and also Shen's conjecture in the case r = 1) is false by finding a counterexample with 9 elements. Two years later Hong [6] found a counterexample with 8 elements and proved number-theoretically that the Bourque-Ligh conjecture holds for n ≤ 7 and does not hold in general for n ≥ 8 (there is also a recent paper by Korkee et al. [10] which gives another, a lattice-theoretic proof for this fact). Subsequently Hong published many papers regarding power GCD and power LCM matrices (see e.g. [7, 8, 9] ). Hong also ended up presenting several conjectures on his own about the nonsingularity of power GCD and power LCM matrices. For example, in [7] Hong conjectured that if S is a GCD closed set of odd integers, then every power LCM matrix of the set S with nonzero exponent is nonsingular.
During the last ten years there has not been much progress on proving or disproving Hong's conjectures, and they all have remained open. One of the few advances was Li's article [11] , which provided some support to two of the conjectures. In this article we improve this situation by showing that some of Hong's conjectures are in fact false. This is done by using lattice-theoretic methods.
In Section 2 we introduce some key definitions and preliminary results needed in the following sections. In Section 3 we study the zeros of the Möbius function in a given meet semilattice, which gives us the leverage to analyze the product expression of the determinant of LCM-type matrices. In Section 4 we apply the mathematics software Sage [17] to show that every 8-element GCD closed set S, for which the LCM matrix [S] is singular, has the same semilattice structure. We also construct a GCD closed set S of odd numbers such that the LCM matrix [S] is singular. In Section 5 we prove that for most semilattice structures (L, ⪯) there exists a set S = {x 1 , x 2 , . . . , x n } of positive integers and a positive real number α such that (S, ) ≅ (L, ⪯) and the power LCM matrix [S] N α ∶= [[x i , x j ] α ] is singular. We also point out a connection between the ∧-tree structure of (L, ⪯), the nonpositiveness of the nontrivial values of the Möbius function µ L and the nonsingularity of the power LCM matrices [S] N α for all (S, ) ≅ (L, ⪯) and α > 0. In Section 6 we shall encounter several conjectures by Hong and give conclusive answers to some of them.
Preliminaries
If (P, ⪯) is a meet semilattice, f is a function P → C and S = {x 1 , . . . , x n } is a subset of P with distinct elements arranged so that x i ⪯ x j ⇒ i ≤ j, then the meet matrix of the set S with respect to the function f has f (x i ∧ x j ) as its ij-entry. This matrix is usually denoted by (S) f . Similarly, if (P, ⪯) is a join semilattice and f and S are as above, then the join matrix of the set S with respect to the function f has f (x i ∨ x j ) as its ij-entry. For this join matrix we use the notation
In the special case when (P, ⪯) = (Z + , ) and f is an arithmetical function the meet and join matrices become the so-called GCD and LCM matrices with respect to the arithmetical function f , respectively. Moreover, if we set f = N α , where N α (m) = m α for all m ∈ Z + , the matrices (S) f and [S] f become the power-GCD and power-LCM matrices with (x i , x j ) α and [x i , x j ] α as their ij-entries, respectively. And in the case when α = 1 we denote N 1 = N and obtain the usual GCD and LCM matrices with (x i , x j ) and [x i , x j ] as their ij-entries, respectively. The usual GCD matrix of the set S is denoted by (S), and the usual LCM matrix by [S]. We develop further the lattice-theoretic method adopted in [10] . This time we will focus solely on power-LCM and power-GCD matrices. Throughout this paper, let S = {x 1 , . . . , x n } be a GCD closed set of positive inte-gers. By denoting S i = {x 1 , . . . , x i } we obtain a chain of GCD closed sets S 1 ⊂ S 2 ⊂ ⋯ ⊂ S n = S. It should be noted that every set S i is also trivially lower closed in (S, ). This observation enables us to use the Möbius function µ S of the set S, which can be given recursively as
Remark 2.1. It is often convenient to assume that
is singular. Further, since the set S is GCD closed, we may define the function Ψ S,
(if the set S was not GCD closed we would have to define this function on an auxiliary set D such that (x i , x j ) ∈ D for all x i , x j ∈ S, as done in [2] ). By a well-known determinant formula (see e.g. [2, Theorem 4.2]) we now have
Thus we may conclude the following result. 
where µ is the number-theoretic Möbius function and * is the Dirichlet convolution. Therefore Ψ S, Figure 1 , then
where the a i 's are the coefficients found in Figure 1 next to each element.
Proof. Consider first Figure 1 (a). Now (T, ) ∈ S 1,2 and t 1 t 2 , and thus clearly 
On the zeros of the Möbius function of a meet semilattice
Before we can begin our study of singular LCM matrices we need to prove the following lemma. It is going to tell us something important about the zeros of the Möbius function of a finite meet semilattice.
Clearly the claim is true if z ⪯ x, so we may assume that z ⪯ x. Let η(z) denote the number of elements y i ∈ C L (x) such that z ≺ y i , and let y 1 , y 2 , . . . , y η(z) be these elements (thus C ⟦z,x⟧ (x) = {y 1 , y 2 , . . . , y η(z) }). In addition, ξ ⟦z,x⟧ (x) = y 1 ∧y 2 ∧⋯∧y η(z) (clearly ξ ⟦z,x⟧ (x) ∈ ⟦ξ L (x), x⟧). We apply double induction: first induction on the size of C L (x) and then induction on the size of the interval ⟦z, ξ ⟦z,x⟧ (x)⟦. Our base case is that the set C L (x) has one element, i.e. m = 1. Suppose first that there is only one element on the interval ⟦z, ξ ⟦z,x⟧ (x)⟦ = ⟦z, y 1 ⟦. This element has to be z itself. In this case the interval ⟦z, x⟧ is equal to the chain z ≺ y 1 ≺ x, and clearly
Next we consider the case m = 1 and there are more than one elements on the interval ⟦z, ξ ⟦z,x⟧ (x)⟦ = ⟦z,
Thus our base case is complete. Now let m > 1. Our primary induction hypothesis is that for all semilattices L in which x covers less than m elements we have
, x⟧ is fixed and η(z) < m. When calculating the value µ L (z, x) we may restrict ourselves to the meet semilattice ⟦z, x⟧. In this structure z precedes and x covers less than m of the elements of
Thus the claim is true for all z with η(z) < m.
Suppose then that z ∈ ⟦ξ L (x), x⟧ and η(z) = m. We aim to prove that µ L (z, x) = 0 by applying the formula
Since in this case z is a lower bound for all the elements y i , we must have 
Next we use induction on the size of the interval ⟦z,
If there is only one element on this interval, then
Thus our proof is complete. 
Singularity of the usual LCM matrices
It has been known for long that the smallest GCD closed set S, for which the LCM matrix [S] is singular, has 8 elements. However, the uniqueness of the structure of such set has not been considered earlier. The next theorem answers to this question. Figure 2 .
Proof. Suppose that S is a GCD closed set with 8 elements and its LCM matrix [S] is singular. Thus
are all meet semilattices with less than 8 elements and all LCM matrices are invertible up to the size 7 × 7, we know that
Next we should note that the last added element x 8 must cover at least three elements. Otherwise Remark 3.1 would imply that the set of all elements x i ∈ S with µ S (x i , x 8 ) ≠ 0 belongs to either of the classes S 1,2 or S 2,4 in Figure 1 . In the first case we have Ψ S,
, where x k is the element covered by x 8 . In the second case Ψ S,
Furthermore, from this we deduce that in the Hasse diagram of (S, ) every maximal element has to cover at least three elements. If this is not the case and there is a maximal element that covers at most two elements, then the set S can be constructed so that x 8 is this element. As above we obtain that Ψ S,
There are 1078 meet semilattices with 8 elements, but the condition that every maximal element need to cover at least three elements reduces the number of possibilities to 84 (Remark 4.1 contains the details on how the desired list of meet semilattices is obtained). By taking into account the possible zeros of the Möbius function µ S we are able to rule out even more structures, namely those for which there exists x i ∈ S such that µ S (x i , x 8 ) = 0, x i covers at most one element and is covered by exactly one. Suppose for a contradiction that there exists such element x i in S. Then S ∖ {x i } is a meet semilattice with 7 elements (the ordering of S ∖ {x i } is induced by the ordering of S),
Again this means that the matrix [S] is invertible, which is a contradiction. Thus S cannot contain this type of element x i . This leaves us with the ten possible structures 8 A , . . . , 8 J presented in Figure 2 . By the work by Hong [6] we already know that S may belong to the class 8 J . We only need to show that S cannot be any of the remaining types 
The Hasse-diagrams of the meet semilattices in the proof of Theorem 4.1. For every semilattice the number next to each element is the value µ S (x i , x 8 ), where x 8 is the last added element and is denoted by the white dot. to divide the set S into suitable blocks. Figure 3 shows the indexing of the elements of S in each case.
Thus we have shown that (S, ) must belong to class 8 J and our proof is complete. It is easy to see that if S is an odd GCD closed set with at most 8 elements, then the LCM matrix [S] is always nonsingular (an odd set is a set whose all elements are odd). The only possibility to obtain a singular LCM matrix [S] would be (S, ) ∈ 8 J , but this is impossible, since in this case
Hong [8] took the idea of nonsigularity of LCM matrices of odd GCD closed sets even further by presenting the following conjecture:
Conjecture 4.1 ([8], Conjecture 4.4). The LCM matrix [S] defined on any odd GCD closed set S is nonsingular.
However, this conjecture fails already when n = 9. A positive integer x is said to be a singular number if there exists a GCD closed set S = {x 1 , . . . , x n }, where 1 ≤
Otherwise x is a nonsingular number. Moreover, x is a primitive singular number if x is singular and x ′ is nonsingular number for all x ′ x, x ′ ≠ x.
Hong [8] conjectured that there are infinitely many even primitive singular numbers. He has also presented the following conjecture about odd primitive singular numbers.
Conjecture 4.2 ([8], Conjecture 4.3). There does not exist an odd primitive singular number.
The counterexample found in the proof of Theorem 4.2 also implies that neither Conjecture 4.2 is true. Proof. By the proof of Theorem 4.2 we know that 1020180525 is an odd singular number. If it is not primitive singular number itself, then it has a nontrivial factor which is an odd primitive singular number.
Lattice-theoretic approach to singularity of power LCM matrices with real exponent
So far we have only been studying the singularity of the usual LCM matrices. Next we consider singularity of power LCM matrices from lattice-theoretic viewpoint. The one thing that we can be sure of is that it is difficult to find singular power LCM matrices in which the exponent is an integer greater than 1. Thus it is only natural to ask how this situation changes when the exponent is allowed to be any positive real number. It turns out that in some cases already the semilattice structure of (S, ) tells a lot about the singularity of power LCM matrices of S. We begin our study with two illustrative examples. Figure 5 (a) ), let α be any positive real number and let S be any set of positive integers such that (S, ) ≅ (L, ⪯). Then by (2.1) we get
> 0, and for 1 < i ≤ n we have 
Thus the power LCM matrix [S]
which are all nonzero for all α > 0. However,
which is negative for α = Although we just found one set S that yields a singular power LCM matrix for some positive real number α, not every set of positive integers isomorphic to (L, ⪯) has this property. To see this we only need to choose
. In this case we have
As we saw in Example 5.1, sometimes the lattice-theoretic structure of (S, ) alone tells us that the power LCM matrix of the set S is invertible for all α > 0. On the other hand, Example 5.2 shows that in the remaining cases the information about the structure of (S, ) is inconclusive and does not reveal whether or not all the power LCM matrices of the set S are invertible. In this section our ultimate goal is to characterize all possible meet semilattices (L, ⪯), whose structure is strong enough to guarantee the invertibility of the power LCM matrix for all GCD closed set (S, ) ≅ (L, ⪯) and for all α > 0. By making use of Lemma 3.1 we are able to prove the following result, which brings us one step closer to achieving this aim. Let p 2 , p 3 , . . . , p n be distinct prime numbers. We define x ′ 1 = 1 and
It is easy to see that the set S ′ is both GCD closed and isomorphic to L (every element of S ′ is either 1 or a squarefree product of different primes). Now suppose that x ′ i ∈ S ′ is an element such that it covers the elements x
Let r be an arbitrary positive integer. Now let S(r) = {x 1 , x 2 , . . . , x n }, where
Let i be as fixed above. Then
Let r be sufficiently large (to be specified later). We define the function h i,r ∶ R → R by
By Lemma 3.1 we know that µ S(r) (x j , x i ) = 0 for all x j ∈ ⟦x k , x i ⟧. Thus the function h i,r comes to the form
We are going to show that the factor on the right goes to zero for some α.
Here we have
The definition of the Möbius function µ S(r) implies that
a≠1,
Thus when the integer r is sufficiently large, we have
Thus the function x A subset S of a meet semilattice is said to be a ∧-tree set if the Hasse diagram of the meet closure of S is a tree (when considered as an undirected graph). An alternative way of putting this is that every element of the meet closure of S covers at most one element of meetcl(S) (see [12, Lemma 4.1] for further characterizations). If the set S is meet closed, then S is a ∧-tree set if and only if every element of S covers at most one element of S. Now we are finally in a position to prove the following theorem, which gives us the desired classification of finite meet semilattices. 
2. L is ∧-tree set.
For all
Proof.
(1) ⇒ (2) First we assume Condition 1. Suppose for a contradiction that for some i, z i covers elements 
Therefore there exists 
Furhermore, z r has to be equal the meet of these elements covered by z j , or otherwise we would have µ L (z r , z j ) = 0 by Lemma 3.1. Thus it follows from Theorem 5.1 that there exists set S such that (S, ) ≅ (L, ⪯) and the power LCM matrix ([x i , x j ] α ) ij of the set S is singular for some α > 0. This is a contradiction with Condition 1.
Since S is ∧-tree set, the interval ⟦z i , z j ⟧ is a chain (see [12, Lemma 4.1] ). In addition, the interval ⟦z i , z j ⟧ cannot have more than one element on it, since otherwise we would have µ L (z i , z j ) = −1 (in the case when there are two elements on the interval) or µ L (z i , z j ) = 0 (in the case when there are more than two elements on the interval). Thus Condition 3 is satisfied. 
If x i ≠ min S, then there is at least one element x k that is covered by x i and we obtain First we should note that every counterexample for Conjecture 6.1 generates a counterexample for Conjecture 6.2 (in fact these two conjectures are equivalent to each other). In order to see this we utilize a method similar to that presented in [4] . Let S = {x 1 , x 2 , . . . , x n } be a GCD closed set of odd positive integers such that x i x n for all i = 1, . . . , n. Now let S ′ = { It turns out that the elements of S being odd has very little to do with the nonsingularity of the matrix [[x i , x j ] α ]. It follows already from Theorem 4.2 that Conjecture 6.1 does not hold for α = 1. More counterexamples can be found by using the method presented in the proof of Theorem 5.1 (the elements of S can easily be chosen to be odd by assuming that p i ≠ 2 for all i = 2, . . . , n, as done in Example 5.2). This means that for each semilattice structure (L, ⪯), where L is not a ∧-tree set, there exist infinitely many counterexamples. Another consequence of Example 5.2 is that Theorem 1.5 in [7] cannot be improved; the condition "ǫ < 0 or ǫ ≥ 1" cannot be improved to "ǫ ≠ 0".
When In addition to those conjectures that already have been discussed, it turns out that the results found in this article have interesting consequences to some other conjectures found in the literature. Since the function N α is clearly both completely multiplicative and strictly monotonous, it is easy to see that both of the following two conjectures are in fact false as well. 
